Abstract. We introduce minimally expansive and GH-stable points for homeomorphisms on metric spaces and µ-uniformly expansive, µ-shadowable and strong µ-topologically stable points for Borel measures (with respect to a homeomorphism on a metric space). We prove that: (i) minimally expansive shadowable point of a homeomorphism on a compact metric space is topologically stable and GH-stable.
Introduction
In the study of dynamical systems, the theory of shadowing property is a well established branch. The system with shadowing property forces a numerically computed orbit to follow an actual trajectory of the system. It plays a significant role in guaranteeing the positivity of topological entropy [12, Theorem 3] and the topological stability [19, Theorem 4 ] of a system.
The notion of topological stability was first studied for Anosov diffeomorphisms by Walters in [18] . In [19] , Walters has extended this notion for the class of homeomorphisms and proved that expansive homeomorphisms with shadowing property on compact metric spaces are topologically stable. The important component in the hypothesis of Walters stability theorem called expansivity, were firstly studied by Utz in [17] for homeomorphisms on compact metric spaces. In [15] , Reddy started studying expansive behaviour of a map from local viewpoint and constructed a homeomorphism on a compact metric space which itself is not expansive but expansive at each point. Another stronger variant of an expansive point have also been introduced in [2] with the name of uniformly expansive point. In [2] , authors have proved that a homeomorphism on a compact metric space is expansive if and only if each point of a phase space is uniformly expansive. They have also proved that a homeomorphism on a compact space admitting non-periodic, shadowable [14] , uniformly positively expansive, nonwandering and non-isolated point has positive topological entropy [2, Theorem 1] . In [5] , authors have introduced expansive points for Borel measures and studied the connection of shadowable points with specification and Devaney chaotic points. In [14] , Morales has proved that a homeomorphism on a compact metric space has shadowing property if and only if each point of a phase space is shadowable. Some other variants of shadowable and expansive points have also been investigated in [5, 8, 9] . Recently, Koo et. al. have studied the topological stability of a shadowable point. Precisely, they have proved that every shadowable point of an expansive homeomorphism on a compact metric space is topologically stable [7, Corollary 3.16] . It is natural to find connection between the shadowing and the topological stability of an expansive point and its variants.
In [11] , Lee and Morales have introduced shadowing and topological stability for Borel measures with respect to a homeomorphism on a compact metric space and proved that every expansive measure with shadowing on a compact metric space is topologically stable. Recently Arbieto and Rojas in [3] , have introduced GromovHausdorff distance to measure the distance between two maps on arbitrary phase spaces and then they have used it to introduce GH-stable systems. They have proved that an expansive homeomorphism on a compact metric space with shadowing property is GH-stable [3, Theorem 4] . This paper is distributed as follows. In Section 2, we introduce minimally expansive points and discuss the dynamics of maps with uniformly expansive points and minimally expansive points. We provide sufficient conditions through which the type of expansivity of a point of a homeomorphism can be predicted by observing the behaviour of a sequence of functions uniformly converging to it. For the study of a relation between the global dynamics of a sequence of functions and its uniform limit, reader can refer to [6, 10, 16] . We prove that every minimally expansive shadowable point of a homeomorphism on a compact metric space is topologically stable and GH-stable. In Section 3, we introduce µ-uniformly expansive, µ-shadowable and µ-topologically stable points for Borel measures (with respect to a homeomorphism on a compact metric space). We prove that every µ-uniformly expansive µ-shadowable point for a Borel measure µ (with respect to a homeomorphism on a compact metric space) is strong µ-topologically stable.
Minimally Expansive and GH-Stable Points
In this section, we introduce the notion of minimally expansive points of a homeomorphism on a metric space and discuss the dynamics of maps having uniformly expansive points and minimally expansive points. Then, we introduce GH-stable points of a homeomorphism on a compact metric space and prove variants of stability theorems in pointwise setting. Firstly, we recall necessary notions required in this section.
Throughout this paper, (X, d
X ) and (Y, d Y ) denote compact metric spaces (if no confusion arises, then we write d for the metric on X). For a given ǫ > 0 and for each x ∈ X, we set B(x, ǫ) = {y ∈ X : d(x, y) < ǫ} and B[x, ǫ] = {y ∈ X : d(x, y) ≤ ǫ}.
For a given self homeomorphism f on X, the set O f (x) = {f n (x) : n ∈ Z} denotes the orbit of x ∈ X, under f .
We say that a homeomorphism f on X is expansive on a subset A ⊂ X, if there exists a c > 0 (known as expansivity constant) such that for every pair of distinct points x, y ∈ A, there exists an n ∈ Z satisfying d(f n (x), f n (y)) > c. A homeomorphism f on X is said to be an expansive homeomorphism, if f is expansive on X [17] . A point x ∈ X is said to be an expansive point of a homeomorphism f on X, if there exists a c > 0 (known as expansivity constant of f at x) such that for each y ∈ X distinct from x, there exists an n ∈ Z satisfying d(f n (x), f n (y)) > c. A homeomorphism f on X is said to be a pointwise expansive homeomorphism, if every point in X is an expansive point of f [15] . A point x ∈ X is said to be a uniformly expansive point of a homeomorphism f on X, if there exists a c > 0 such that f is expansive on B(x, c) with expansivity constant c [2] . The set of all uniformly expansive points of a homeomorphism f on X is denoted by U f (X). For every pair x, y ∈ X and for each ǫ > 0, we set
A sequence ρ = {x n } n∈Z in X is said to be through a subset B of X, if x 0 ∈ B. Let f be a homeomorphism on X and let δ > 0. A sequence ρ = {x n } n∈Z in X is said to be a δ-pseudo orbit for f through x, if x 0 = x and d(f (x n ), x n+1 ) < δ, for each n ∈ Z. A sequence ρ is said to be δ-traced through f , if there exists a y ∈ X such that d(f n (y), x n ) < δ, for each n ∈ Z. A point x ∈ X is said to be a shadowable point of f , if for every ǫ > 0, there exists a δ > 0 such that every δ-pseudo orbit for f through x can be ǫ-traced through f by some point of X [14] . The set of all shadowable points of f is denoted by Sh(f ).
For a metric space (X, d X ) and A, B ⊂ X, we define:
We replace A by "a", whenever A = {a}.
The Hausdorff distance between A and B is given by:
Let f be a homeomorphism on (X, d X ) and x ∈ X. Then, (i) f is said to be topologically stable, if for every ǫ > 0, there exists a δ > 0 such that for every homeomorphism g on X satisfying d C 0 (f, g) < δ, there exists a continuous map h :
(ii) f is said to be GH-stable, if for every ǫ > 0, there exists a δ > 0 such that
. (iii) x is said to be a topologically stable point of f , if for every ǫ > 0, there exists a δ > 0 such that for every homeomorphism g on X satisfying [7] . Now, we define minimally expansive points which plays an important role in guaranteeing the stability of a system at a point. In [15] , Reddy did not point out any result which holds explicitly for an expansive homeomorphism but does not hold for a pointwise expansive homeomorphism. Since, a homeomorphism f on X is expansive if and only if U f (X) = X [2, Proposition 6], nothing additional can be said for a homeomorphism f with U f (X) = X. On the contrary, from the following discussion we get that there are results which holds for every expansive homeomorphism but not for a homeomorphism f satisfying M f (X) = X. Clearly, if f is expansive, then M f (X) = X, but the converse need not be true. Infact, if R S 1 denotes the rational rotation on a unit circle equipped with the usual metric, then R S 1 is not expansive but M R S 1 (S 1 ) = S 1 . Therefore, circle admits a homeomorphism under which every point is a minimally expansive point, but there does not exists any pointwise expansive homeomorphism of an circle [15, Corollary] . Therefore, minimally expansive point need not be an expansive (uniformly expansive) point. This also implies that, there exists a homeomorphism f with uncountable periodic points and satisfies M f (X) = X, but [15, Lemma] guarantees that, if f is a pointwise expansive homeomorphism on a compact metric space, then the set of all periodic points of f is countable.
We remark here that, if f is a transitive homeomorphism on X, then either M f (X) = φ or f is expansive. Since, either a transitive homeomorphism have shadowing or have no shadowable points [9 
In particular, the set of all uniformly expansive points is invariant under f .
In particular, the set of all minimally expansive points is invariant under f .
Proof. Suppose that X × Y is equipped with the maximum metric D defined as (1), (4) and (5) follows from corresponding definitions, (3) follows from (2) and (7) follows from (6) . Since proofs of (2) and (6) are similar, we only prove (6) .
with expansivity constant c such that
Recall that, a sequence of homeomorphisms {f n } n∈N on X is said to be uniformly convergent to a homeomorphism f on X or f n uc − → f , if for every ǫ > 0, there exists an N ∈ N such that d(f n (x), f (x)) < ǫ, for all n ≥ N and for each x ∈ X. Lemma 2.3. Suppose that a sequence of homeomorphisms {f n } n∈N on X is uniformly convergent to a homeomorphism f on X. Then, for each triplet ǫ > 0, k ∈ N and x ∈ X, there exists an
Proof. Recall that, for a given ǫ > 0 and for each positive integer l, there exists an (1) x ∈ U f (X) if and only if there exists a δ > 0 such that for every pair of distinct points y, z ∈ B(x, δ),
Proof. Let {f n } n∈N be a sequence of homeomorphisms on X and let f be a homeomorphism on X such that f n uc − → f and f
Since proofs of (1) and (2) are similar, we prove only (1).
(1) Let x ∈ U f (X) with expansivity constant c and choose distinct points y, z ∈ B(x,
, for all n ≥ N and for each u ∈ {y, z}. ). Conversely, choose a δ > 0 such that ∪ m≥1 ∩ n≥m E z (f n , y, δ) = φ, for every pair of distinct points u, v ∈ B(x, δ). For a pair of distinct points y, z ∈ B(x,
, for all n ≥ N and for each u ∈ {y, z}. Therefore, we
. Since δ does not depends on y and z, we get that x ∈ U f (X) with expansivity constant 
The set of all GH-stable points of f is denoted by GH f (X).
Clearly, if f is GH-stable, then GH f (X) = X. To prove the stability theorem in pointwise setting, we need the following Lemma. Lemma 2.6. Let f be a homeomorphism on X and let x ∈ X be a minimally expansive point of f with expansivity constant c. Then, for each y ∈ B(x, c) and for each 0 < ǫ < c, there exists an N(y, ǫ) = N ∈ N such that for every pair u, v ∈ O f (y)
Proof. Assume the contrary. Choose 0 < ǫ < c such that for each N ∈ N, there exists a pair
Since X is compact, we can choose u, v ∈ O f (y) such that u N → u and v N → v. Therefore, u = v and d(f n (u), f n (v)) ≤ c, for each n ∈ Z which contradicts the expansivity of f on O f (y).
Theorem 2.7. Let f be a homeomorphism on X. If x ∈ X is a minimally expansive shadowable point of f , then x is a topologically stable and a GH-stable point of f .
Proof. We only prove the latter case. Proof of first case can be done on similar lines. Let x ∈ X be a minimally expansive shadowable point of f with expansivity constant c > 0. For a given ǫ > 0 and for η = min{ǫ,c} 16 , choose 0 < δ < η by shadowing of f at x. Choose a homeomorphism g on Y satisfying d GH 0 (f, g) < δ. Therefore, there exist δ-isometries i :
We claim that, j is a required ǫ-isometry to establish that x is a GH-stable point of f . If j −1 (x) = φ, then we are done. Otherwise, assume that y ∈ j −1 (x) and consider a sequence {x y n = j(g n (y))} n∈Z . Clearly,
Hence, {x y n } n∈Z forms a δ-pseudo orbit for f through x. By shadowing of f at x, choose and fix z ∈ B(x, η) satisfying
To check that, h is well defined, choose k, m ∈ Z such that g k (y) = g m (y). Then j(g n+k (y)) = j(g n+m (y)), for each n ∈ Z and hence
Since, x is a minimally expansive point of f with expansivity constant c and z ∈ B(x, c), f is expansive on O f (z) with expansivity constant c and hence
Now, we claim that h is uniformly continuous. For z as above and 0 < ǫ < c, choose an N ∈ N from Lemma 2.6. By uniform continuity of g, choose 0 < γ < ǫ such that
, which completes the proof.
Corollary 2.8. Every minimally expansive point of a homeomorphism on a compact manifold of dimension atleast 2 is shadowable if and only if it is topologically stable.
Proof. Recall that, every topologically stable point of a homeomorphism on a compact manifold of dimension atleast 2 is shadowable [7, Lemma 3.11] . Now, use Theorem 2.7 to complete the proof. (Y, d 0 ) . Let p be a periodic point of g with prime period t ≥ 2. Let X = Y ∪ E, where E is an infinite enumerable set. Set Q = k∈N {1, 2, 3} × {k} × {0, 1, 2, 3, ..., t − 1}. Suppose that r : N → E and s : Q → N are bijections. Then, consider the bijection q : Q → E defined as q(i, k, j) = r(s(i, k, j)), for each (i, k, j) ∈ Q. Therefore, any point x ∈ E has the form x = q(i, k, j) for some
Following steps as in [4, (4) 
is minimally expansive with expansivity constant 0 < d < min 0≤j,r<t {d 0 (g j (p), g r (p)), c}, where j = r. From Theorem 2.7, every point of X is a topologically stable and a GH-Stable point of f .
µ-Uniformly Expansive, µ-Shadowable and µ-Topologically Stable points
In this section, we introduce µ-uniformly expansive and µ-shadowable points for a Borel measure µ (with respect to a homeomorphism f on X). These notions are important to guarantee the stability of a Borel measure at a point. Firstly, we recall necessary notions required in this section.
A point x ∈ X is called an atom for a Borel measure µ, if µ({x}) > 0. A measure µ on X is said to be non-atomic, if µ has no atom. Every Borel measure is assumed to be non-trivial i.e. µ(X) > 0. Let f be a homeomorphism on X. Then, a non-atomic Borel measure µ on X is said to be expansive at x ∈ X (with respect to f ), if there exists a c > 0 such that [5] . A Borel measure µ on X is said to be expansive (with respect to f ), if there exists a c > 0 such that µ(Φ c f (x)) = 0, for each x ∈ X. A homeomorphism f is said to be a measure-expansive homeomorphism, if there exists a c > 0 (known as expansivity constant) such that for any non-atomic Borel measure µ on X and for each x ∈ X, we have µ(Φ c f (x)) = 0 [13] . Given a homeomorphism h : X → Y and a Borel measure µ on X, the pull-back measure on Y is given by h
A Borel measure µ on X has shadowing (with respect to f ), if for every ǫ > 0, there exists a δ > 0 and a Borelian B ⊂ X with µ(X \ B) = 0 such that every δ-pseudo orbit for f through B can be ǫ-traced through f by some point of X [11] .
Let Z be a subset of X. The set 2 X denotes the collection of all subsets of X. A map H : Z → 2 X denotes a set valued map. The set Dom(H) = {z ∈ Z : H(z) = φ} denotes the domain of H. A map H is said to be compact valued if H(z) is compact, for each z ∈ Z. For a given ǫ > 0, we write d X (H, Id) < ǫ whenever H(z) ⊂ B[z, ǫ], for each z ∈ Z. A map H is said to be upper semi-continuous, if for each z ∈ Dom(H) and for every neighborhood O of H(z), there exists a γ > 0 such that H(x) ⊂ O, whenever d
X (x, z) < γ, for each x ∈ Z.
Let f be a homeomorphism on X and let µ be a Borel measure on X. Then, µ is said to be topologically stable (with respect to f ), if for every ǫ > 0, there exists a δ > 0 such that for every homeomorphism g satisfying d C 0 (f, g) ≤ δ, there exists an upper semi-continuous compact valued map H : X → 2 X with measurable domain such that: Proof. Let f be a homeomorphism on X and let µ be a Borel measure on X.
(i) Clearly, if µ is expansive (with respect to f ) with expansivity constant c, then x ∈ X is a µ-uniformly expansive point of f with expansivity constant c and hence UE ) : x ∈ X}. Since X is compact, we can choose x 1 , x 2 , ..., x k such that ∪ , α}, where α is a Lebesgue number for the covering Λ. Let y ∈ X. Then y ∈ B(x i , cx i 4 ), for some 1 ≤ i ≤ k. From Remark 3.3(i), we have µ(Φ γ f (y)) = 0. Since y is chosen arbitrarily, we get that µ is expansive (with respect to f ) with expansivity constant γ.
(ii) Proof is similar to the proof of (i). (iii) Forward implication follows from corresponding definitions. Conversely, suppose that Sh µ f (X) = X. For a given ǫ > 0, choose a δ x > 0 and a Borelian B x ⊂ X with µ(X \ B x ) = 0 by µ-shadowing of f at x, for each x ∈ X. Since X is compact, we can choose x 1 , x 2 , ..., x k such that ∪ k i=1 B(x i , δ x i ) = X. Consider a Borelian B = ∩ k i=1 B x i and δ = min
we have µ(X \ B) = 0. It is easy to check that, every δ-pseudo orbit for f through B can be ǫ-traced through f by some point of X. Since ǫ is chosen arbitrarily, we get that µ has shadowing (with respect to f ). Proof. Let f be a homeomorphism on X, µ be a Borel measure on X and let h be a homeomorphism from X to Y . Now, note that d C 0 (f, g) ≤ δ implies that {g n (z)} n∈Z is a δ-pseudo orbit for f through z, for each z ∈ U = B ∩ B(x, δ) ∩ O g (x). Choose y ∈ X such that d(f n (y), g n (z)) ≤ η, for each n ∈ Z. Therefore, H(z) = φ, for each z ∈ U and hence U ⊂ Dom(H) implying µ(X \ Dom(H)) ≤ µ(X \ U).
Corollary 3.10. Let f be a homeomorphism on X and let µ be a Borel measure on X. If x ∈ X is a uniformly expansive point of f , then x is a µ-topologically stable point of f . Moreover, if x is also a shadowable point of f , then x is a strong µ-topologically stable point of f .
